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Abstract

We axiomatize, in first order logic, the typed feature structures used in constraint based grammar for-
malism for natural language processing. This is based on a discussion of how type-hierarchies should
be interpreted in terms of representation theory. We close with some observations about decidability

of feature constraint satisfaction in parsing.

1 Introduction

The history of feature logics can be traced back to
terminological logics which originally was meant for
knowledge representation in Al but branched into dif-
ferent varieties such as feature logics and, more re-
cently, description logics (Baader et al, 2003) which
is used for semantic web ontologies (Baader et al,
2005).

Feature structures first appeared in the 80s for ap-
plications in computational linguistics. Specifically
in constraint based grammar formalisms (Shieber,
1992) for natural language processing, where they
proved useful when side-conditions were added to
context-free grammar rules. In the grammar for-
malism HPSG (Pollard and Sag, 1994) feature struc-
tures were combined with types and inheritance hi-
erarchies giving rise to fyped feature structures (Car-
penter, 1992). This approach is now well-established
(NLE, 2000) and appears in more recent linguistic
frameworks such as the LKB System (Copestake,
2002).

Johnson (1990, 1991) saw feature logics as a frag-
ment of first order logic. In axiomatizing the untyped
feature structures he provided a solid mathematical
foundation which gave access to the rich body of the-
ory connected to first order logic. He used this to
study aspects of decidability. We aim to do the same
for the typed variety of feature structures. Finally, in
section 8 we briefly consider feature constraints that
emerge while parsing. These correspond to a logi-
cal expression placing constraints on a single feature
structure constructed during the process. The check
of whether these constraints can be fulfilled by a fea-
ture structure may be reduced to a question of log-
ical satisfiability of the axioms in conjunction with
the constraints.

1.1 Preliminaries

Logical formulas are interpreted with relation to
structures. If L is a first order language then an L-
structure is a pair (D, []) where D, the domain, is a
nonempty set and [] interprets the symbols of L by
mapping each n-ary function symbol to a total func-
tion from D™ to D and each n-ary relation symbol to
a relation on D", i.e a subset of D". The interpreta-
tion of a symbol s is denoted by [s]. The logical sym-
bols have the standard fixed interpretations, where =
is the identity relation on D.

We write (D, []) |E» ¢ to express that the formula
¢ is interpreted as true in (D, []) when the free vari-
ables are assigned the values specified by a variable
assignment function v. In that case ¢ is said to be
satisfiable. o is valid in (D,[]) iff (D,[]) Ev ¢
holds for all v. We write (D, []) |= ¢ to express this.
We write (D, []) &= T to express that each formula
inaset I is valid in (D, []). We say that (D, []) is a
model for I

A formula belongs to the Schonfinkel-Bernay class
if it is equivalent to a prenex-formula without func-
tion symbols where all existential quantifiers precede
the universal quantifiers. That is, formulas of the
form 3z, ... 3z, Yy . . . Yy where ¢ is a formula
with no occurrences of function symbols or quan-
tifiers. We refer to this class as SB. We know a
few things about SB-formulas (Dreben and Goldfarb,
1979): Provided they have a model at all, they have
a finite model. Satisfiability and validity is decidable
and the class of SB-formulas is closed under conjunc-
tion.

An axiomatization of some phenomenon consists
of a set of closed formulas such that its models are
precisely the models that bear the characteristics of
the phenomenon in question. Thus, an axiomatization



describes a class of models and a formula is consis-
tent with the axiomatization iff it has a model in this
class.

A bounded complete partial order (BCPO) is a par-
tial order (A, C) in which every subset of A with up-
per bounds has a least upper bound. We refer to such
sets as being consistent. In particular, the empty set
is regarded as consistent, having a bottom element L
as its least upper bound. The functions 'l (meet) and
LI (join) denote greatest lower bounds and least upper
bounds, respectively. Note that LI is partial. Some-
times BCPOs are referred to as meet semi-lattices.

2 Feature structures

We adapt Carpenter’s definitions (Carpenter, 1992;
Copestake, 2000, 2002) concerning typed feature
structures, leaving some of his requirements out but
otherwise with only minor differences in notation and
terminology.

Definition 2.1 A type-hierarchy is a finite BCPO.

Suppose that (TY PE,C) is a type-hierarchy and
o,7 € TYPE. If 0 C 7 we say that o subsumes
T, or alternatively, that ¢ is more general/less specific
than 7.

Type-hierarchies are sometimes defined differ-
ently. In (Smolka and Ait-Kaci, 1989) and (Smolka
et al, 1989), type-hierarchies are viewed as the least
quasi-order obtained from a set of subsort declara-
tions in a given signature. Such an order need not be
a BCPO.

Types are incorporated into feature structures.

Definition 2.2 Let H = (TYPE,C) be a type-
hierarchy and let FEAT be a set disjoint with
TY PE. A feature structure over H and FEAT is
a tuple (Q, q,0,5) where:

e () is a set.
® § € (@ is the entry
e 0:Q — TY PEF is a total typing function

e §: FEAT x Q — Q is a partial transition
function

A feature structure (Q, 7, 0, ) can be viewed as a
directed graph where the elements of @) are nodes,
each labelled with the types specified by 6, and where
there is an arc, labelled f, from node ¢ to node ¢’
if 5(f,q) = ¢'. This motivates using graph-theory
terms such as ‘node’, ‘path’ and ‘root’ as well as de-
picting feature structures as graphs.

Carpenter’s definition of feature structures is more
restrictive than ours in two respects. First, he allows
only a finite number of nodes, and secondly, the entry
node is required to be a root.

A well-known limitation of first order logic is the
impossibility to axiomatize finiteness of a domain,
except when explicitly stating the number of elements
in it. Hence, we have no hope of axiomatizing fea-
ture structures in absolute accordance with Carpen-
ter’s definition. However, it is not so obvious that fea-
ture structures should be finite. Others, for instance
Johnson (1990), allow infinitely many nodes. Car-
penter too includes a chapter on the generalisation to
infinite feature structures.

Rootedness is defined as the existence of a node
from which every other node is reachable. In our
case the reachability-relation is the reflexive and tran-
sitive closure of the relation {(d,d') | 0(f,d) =
d' for some f € FEAT}. Another limitation of first
order logic is that reflexive and transitive closures
can not be axiomatized. Nor can we then axioma-
tize rootedness. At best, we could specify a relation
that contains the closure. This approach is taken in
the description logic SHIQ. However, it is intended
for use as an ontology language for the semantic web
(Baader et al, 2005). A main concern is then to strike
a balance between expressiveness and the computa-
tional complexity of reasoning mechanisms and so it
is acceptable to settle for ‘half-way’ solutions. This
option is not open to us since our purpose is to pro-
vide a precise account rather than just trying to make
the best of things. Again we escape the difficulties
by observing that not all accounts agree on the ques-
tion of rootedness. For instance, Johnson (1990) al-
lows disconnected feature structures, while the PATR
grammar formalism asserts the existence of a root
(Shieber, 1992).

Thus, the framework of first order logic forces us to
choose the more general approach, allowing infinite
feature structures and dropping the requirement that
the designated entry node should be a root.

An important use of types in feature structures lies
in specifying that only certain nodes may possess a
given feature.

Definition 2.3 An appropriateness specification over
the type-hierarchy (T'Y PE,C) and features FEAT
is a partial function A : FEAT xTY PE — TYPE
that meets the following conditions:

o For every feature f € FEAT, there is a most
general type Intro(f) € TYPE such that
A(f, Intro(f)) is defined.

e upward closure and right monotonicity: If



A(f,0) is defined and o T T, then A(f,T) is
also defined and A(f, o) C A(f, 7).

We may refer to (TYPE,C) and A as a typing
scheme (over FEAT).

Appropriateness-specification form a basis for
coherence-conditions, such as the following (Car-
penter, 1992).

Definition 2.4 Let (TY PE,C) be a type-hierarchy
and let A be an appropriateness specification. A fea-
ture structure (Q,q,0,0) is said to be well-typed if
whenever 6(f, q) is defined, A(f,0(q)) is defined and

A(f,6(q)) E 0(5(f, ).

Well-typedness is sometimes accompanied by the re-
quirement that all appropriate transitions should be
present.

Definition 2.5 Let (TY PE,C) be a type-hierarchy
and let A be an appropriateness specification over
FEAT. A feature structure (Q,q,0,6) is totally
well-typed if and only if it is well-typed and if ¢ € @
and f € FEAT are such that A(f,0(q)) is defined,
then §(f, q) is defined.

3 Typed domains

In this section we address the question of how to em-
bed type-hierarchies within the framework of first or-
der logic. We want to view feature structures as cer-
tain first order structures with domains consisting of
nodes. Then we must somehow impose the structure
of the hierarchy onto the domain. We find the basis
for our approach in representation theory (Davey and
Priestley, 1991) where types are interpreted as sets
in a natural way. This view has appeared in con-
nection with a variety of ordering-relations, for in-
stance in (Davey and Priestley, 1991; Smolka and Ait-
Kaci, 1989; Smolka et al, 1989; Smolka, 1992). Car-
penter (1992), however, does not explicate his type-
hierarchies in these terms. So, we must address this
question and need to resolve two issues: Should in-
consistent types necessarily be associated with dis-
joint sets? Smolka (1992) requires that a top ele-
ment T should be interpreted as the empty set and
that inconsistent types are interpreted as disjoint sets.
On the other hand (Smolka and Ait-Kaci, 1989) and
(Smolka et al, 1989) allow intersecting interpreta-
tions of inconsistent types. We shall discuss these
alternatives. Initially we adopt the more general ap-
proach allowing intersecting interpretations of incon-
sistent types and nonempty interpretation of T, if

present, before considering tightening the interpreta-
tion to consistent typing in the same vein as Smolka.

The second issue to address is whether the first or-
der representation of types should be isomorphic to
the original hierarchy. Let us begin by developing
a straightforward representation theory for the type-
hierarchies. At the core lies the basic definition of an
interpretation of a type-hierarchy.

Definition3.1 If H = (TYPE,C) is a type-
hierarchy and D is a set then a D-interpretation of
H is a function f : TY PE — 2P assigning a subset
of D to every type. Let D denote the set assigned to
a type o by a D-interpretation f.

Sometimes it is convenient to illustrate interpre-
tations of simple type-hierarchies by projecting the
Euler-diagram of the interpreting sets onto the Hasse
diagram representing the type-hierarchy, as shown in
figure 1. However, we occasionally find it necessary
to add a few comments to make such an illustration
clear.

Definition 3.1 does not take into account the
inheritance-information represented in the type-
hierarchy. To obtain close correspondence between
the type-hierarchy and its interpretation we need ad-
ditional requirements. Given a D-interpretation f of
a type-hierarchy H = (TY PE,C) we regard the
partially ordered set ({D} | o € TYPE},D) as a
representation of H. We shall look closer at two rep-
resentation schemes with different degrees of corre-
spondence with the type-hierarchy. Such representa-
tions will be referred to as typed domains. A typed
domain is said to be faithful if it is isomorphic to the
original hierarchy.

3.1 Faithful representation

We shall interpret type-hierarchies as sets such that
the subset-relation respects the partial order in the
type-hierarchy. We do this by requiring that joins
should correspond precisely to intersections of type-
interpretations. Moreover, we want the interpretation
of the bottom element to correspond to the universal
type. That is, it should comprise ‘everything’ by de-
manding that a D-interpretation associates L with the
entire set D.

Definition 3.2 If D is a nonempty set, H =
(TYPE,C) is a type-hierarchy and [ a D-
interpretation of H then f defines a faithfully H-
typed domain iff the following conditions are satis-
fied:

on_:D
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o LY :ng‘mD{; = D/, where {7} UX C
cEXD
TY PE.

Note that o C 7 iff LI{o, 7} = 7, so as a special case
of definition 3.2 we get o C 7 iff Df C D/.

Figure 1 illustrates an interpretation which satisfies
definition 3.2.

Figure 1: Interpretation satisfying definition 3.2.
Note that the interpretation of o4 is the intersection
between the interpretations of o9 and 0.

Inconsistency of types appears as a non-existing
join in a type-hierarchy H, whereas in a faithfully
H-typed domain defined by f, this inconsistency is
reflected by their intersection not being assigned to a
type by f. Note also that in order to satisfy definition
3.2, f can assign the empty set to no type other than
a top element of H.

The representation defined by an interpretation sat-
isfying definition 3.2 is in fact a consistently complete
partial order. Specifically, ({Df | o € TY PE}, D)
is a (finite) BCPO, with [ as join-function. The meet
ofaset X C {D) | ¢ € TY PE} corresponds to

minc{Y |Y € {D] |oc € TYPE},Y 2 | ] «}
rzeX

Having established the particulars of the BCPO in-
duced on a domain by an interpretation satisfying de-
finition 3.2, we verify that it retains the original hier-
archy.

Theorem 3.1 If H = (TYPE,C) is a type-
hierarchy, f a D-interpretation of H and f de-
fines a faithfully H-typed domain then ({Df | o €
TYPE}, D) and (TY PE, C) are isomorphic.

The type-inheritance described by a type-hierarchy H
and a faithfully H-typed domain correspond exactly
to each other since they are isomorphic structures.
Furthermore, the corresponding meet and join func-
tions imitate each other in every detail. Thus, as far
as subsumption, meet and join are concerned, faith-
fully typed domain provides perfect representation of
type-hierarchies.

3.2 Degenerated representation

In this section we relax the requirement that typed
domains should be faithful. There can be no isomor-
phic representation unless there are enough elements
available to form different interpretations for all the
types. Even if a representation contains a sufficient
number of elements, the type-interpretations may be
organised in a degenerated way.

In our context, type-representations shall be popu-
lated with nodes of feature structures. It may well be
that a feature structure has too few nodes to obtain a
faithful representation, in which case we may have to
settle for a degenerated one. We use the term ‘typed
domain’, dropping the qualifier ‘faithful’, when refer-
ring to such repesentation.

Definition3.3 If H = (TYPE,C) is a type-
hierarchy and f a D-interpretation of H then f de-
fines an H-typed domain iff the following conditions
are satisfied:

e D/ =D

o UY = 7 implies ﬂD(J,C = D/, where {7} U
oeX
Y CTYPE.

As a special case of definition 3.3 we get that o C 7
implies D/ C D/. Figures 2 and 3 illustrate interpre-
tations which satisfy definition 3.3 (but not definition
3.2).

v
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Figure 2: interpretations satisfying definition 3.3.
Note that the interpretation of o4 is the intersection
between the interpretations of o9 and o3.

On this approach, the ordering-relation is pre-
served but distinct types may be indistinguishable.
Information about consistency may be lost and the
representation need not even be a BCPO.

In figure 2(a) the types o1 and o3 are interpreted
as the same set. Neither does definition 3.3 prohibit
that the interpretation of a type o contains the inter-
pretation of a type incomparable with o. Because
of this, a typed domain may hold less information



about consistency than the type-hierarchy it repre-
sents. Furthermore, definition 3.3 does not guarantee
that the corresponding representation is a BCPO. For
instance, let f be the D-interpretation that defines the
typed domain of figure 2(b). In the representation,
both Df, and D, are upper bounds for {DI , DI },
but there is no least upper bound for this set, so the
BCPO-requirements are not met. Under these cir-
cumstances we can not expect a representation to be
isomorphic to the type-hierarchy. On the other hand,
the ordering relation will be preserved.

Lemma 3.1 If H = (TY PE,C) is a type-hierarchy
and f a D-interpretation that defines an H-typed do-
main then f is a monotone map from (TY PE,C) to
({D] |0 € TYPE}, D)

Figure 3: interpretation satisfying definition 3.3

The following illustrates that least upper bounds
and greatest lower bounds are not preserved. Assume
that f is the D-interpretation that defines the typed
domain of figure 3, then

e The greatest lower bound of {71, 72} is L but the
greatest lower bound of {D/ , D/ } is DI,

T1?

e The least upper bound of {71, 72} is not defined
while the least upper bound of {D{ , D7} is
Df

T2

Having to live with the fact that a feature structure
may contain too few nodes to provide a faithful rep-
resentation, we may find comfort in that it is always
possible to turn a degenerated representation into an
isomorphic one while preserving the elements’ mem-
berships in type-interpretations. The transformation
consists in simply adding ‘junk’-elements to support
the missing types.

In order to be able to talk about parts of a typed
domain or the addition of elements, we introduce the
concept of expansion/subinterpretation.

Definition 3.4 Let H = (TYPE,C) be a type-
hierarchy and let f be a D-interpretation of H. An
expansion of f is a D'-interpretation f' such that

e DCD

o d e DIiffd € D' foralld € Dando €
TY PE.

We say that | defines a subinterpretation of f”.

If an expansion defines a faithfully typed domain it is
said to be a faithful expansion.

Theorem 3.2 Let H be a type-hierarchy and let f be
a D-interpretation of H. f defines an H-typed do-
main iff there is [ defining a faithfully H-typed do-
main such that f is a subinterpretation of f'

4 Typing functions

Recall our definition (2.2) of feature structures, where
every node is associated with a type by means of a
typing function. In this section we develop the corre-
sponding idea for typed domains.

Obviously, an appropriate typing function should
map a node to a type whose interpretation contains
the node, but as we have seen in the previous sections,
an element z of a typed domain may belong to the in-
terpretation of several types. Some of these types may
even be incomparable and therefore not well suited to
be the designated type associated with x, unless some
kind of overriding is employed. However, there is al-
ways a greatest type that offers a compromise solu-
tion to this difficulty. Specifically, the greatest type
comparable with every other type whose interpreta-
tion contains x. Hence, for any element z, we can
identify a unique designated type, referred to as the
type of z. This provides a typing function.

Definition 4.1 Ler H = (I'YPE,C) be a type-
hierarchy and let f be a D-interpretation that defines
an H-typed domain. The typing function 0 is defined
by

0(x) = maxc{o | * € DL, for every type T:
x € DI impliesc C T or7 C 0}

The typing function is illustrated in figure 4, where
the interpretation of o is the intersection between the
interpretations of o2 and o3. Note that ds is contained
in the interpretations of both o4 and o5, neither of
which is more suited than the other to be its desig-
nated type. As a ‘compromise’, 6 assigns ds to 0.

Nodes that are not shared by interpretations of in-
consistent types are easier to deal with. Then the type
of the node is simply the join of the types whose in-
terpretations the node belongs to. Moreover, this is
the greatest such type.
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0,

Figure 4: 0(dy) = o2, 0(d2) = o1, 0(d3) = o4,
6‘(d4) = 03

Lemmad.l Let H = (TYPE,C) be a type-
hierarchy, let f be a D-interpretation defining an H -
typed domain and let 0 be the corresponding typing
Sfunction according to definition 4.1. Let d € D and
let Xy = {0 | d € DL}. If S, is consistent then
UXg = mazcXq and 0(d) = marc Xy

We will get back to this observation in section 6.

5 First order typed feature struc-
tures

In this section we define typed feature structures in
the framework of first order logic. The idea is to
identify feature structures among the first order struc-
tures described in section 1.1. Domains will consist
of nodes and we let the domains be typed in order to
incorporate the type-hierarchy.

In section 3.2 we noted that it takes a certain num-
ber of elements to obtain an isomorphic representa-
tion of the type-hierarchy, and that a particular feature
structure may have too few nodes. So, we can not ex-
pect the domain of a first order feature structure to be
faithfully typed. This fact does not reflect any conflict
between the feature structure and the type-hierarchy
it is supposed to obey, only that there may be too few
types involved to make use of the whole hierarchy.
However, applying theorem 3.2 we find that any first
order typed feature structure can be expanded to, and
preserved within, a faithfully typed one.

Theorem 5.1 Let H = (TYPE,C) be a type-
hierarchy and let (D,[]) be a structure over
TYPE U FEAT U {entry}. (D,[]) is an H-typed
feature structure iff it is a substructure of a faithfully

’

H-typed feature structure (D', [] )

In view of this we do not demand that the typed do-
main incorporated in the structure should be faithful.

First order structures are defined with respect to a
language and, in our case, the language must contain
symbols representing the types and features. Types
will be treated as properties of nodes so our language
must contain a unary relation-symbol & for every o €
TYPE. Clearly, a feature can be seen as a partial
function on the set of nodes. However, the function
symbols of classical first order logic are required to be
interpreted as fotal functions. We conform to this tra-
dition by letting binary relation symbols, rather than
unary function symbols, represent the features, at the
expense of having to state their functional nature ex-
plicitly. Thus, for each feature f we include a binary
function-symbol f . We let TY PE and FEAT de-
note the sets of type- and feature-symbols. Finally we
include in our language a constant entry to represent
the entry node.

A first order structure (D, []) interprets all non-
logical symbols by means of []. Sometimes we wish
to focus on the interpretation of types only. For this
purpose we let [], denote the restriction of [] to
TY PE.

Now we are ready to give a definition of typed fea-
ture structures in the framework of first order logic.

Definition 5.1 Let H = (TYPE,C) be a type-
hierarchy, FEAT a set of feature and (D, []) a first
order structure over TY PE U FEAT U {entry}.
Then (D, []) is a first order typed feature structure
(over H and F'EAT) iff the following conditions are
satisfied

o [| defines an H-typed domain.

e forall f € FEAT and all d € D there is at
most one d' € D such that (d,d’) € [f]

In order to specify when a first order typed feature
structure is well-typed etc, we need to take a closer
look at the connection between our two definitions of
feature structures and see how we can view the new
definition in light of the old one (2.2). For this pur-
pose we translate first order typed feature structures
into ordinary ones, i.e. according to definition 2.2.

Definition 5.2 Consider H, FEAT and entry of
definition 5.1 and let S = (D, []) be a first order
structure over TY PE U FEAT U {entry}. The
translation of S is the tuple (D, [entry], 0, d) where
0:D — TYPFEand 6 : FEAT x D — D are
defined by

0(z) = mazc{o | z € [6], forevery T:
x € [7] impliesoc C 7 or 7 C o}



and

5(fod) = { & if (d,d) € [f]

undefined otherwise

The translation of a first order typed feature structure
is a proper feature structure according to definition
2.2, but the converse does not hold. When applied
to a structure that does not satisfy definition 5.1, the
translation may well produce a feature structure.

The definitions of properties concerning our orig-
inal feature structures can be transferred to the first
order typed feature structures by means of the trans-
lation. L.e. a first order typed feature structure is well-
typed iff its translation is well-typed, and similarly for
other properties of feature structures.

5.1 A mismatch

We have just seen that every first order typed feature
structure can be translated into an ordinary typed fea-
ture structure, so we may view a first order typed fea-
ture structure as a representation of an ordinary one.
It should also be reasonably clear that every ordinary
feature structure has such a representation. However,
there is an unfortunate circumstance in that the trans-
lation is not one to one. An ordinary feature struc-
ture may be represented by several first order fea-
ture structures. Take for instance the feature struc-
ture ({qo,q1, 92}, q0, 9, 0), depicted in figure 5, over
a type-hierarchy H and features { f1, f2}.

(0} T
f
\ / /\qlio
qO:L ¢
1 \_’?
H

2

QT

Figure 5: a feature structure over H with entry qq

Now, let <{q0’ q17Q2}’ [H]> and <{q0; a1, (J2}, [[]]/>
be first order H-typed feature structures such that
[entry] = [entry]l = qo. [l = [Al =
{{@0,q1)} and [f2] = [fe] = {{q0,q2)}. Also,
let [] define the H-typed domain depicted in figure
6(a) and let [[]]IT define the H-typed domain depicted
in figure 6(b). In both cases the corresponding typing
function maps qg to L, g1 to o and ¢» to 7. Hence we
have two different first order typed feature structures
with the same translation. The cause of this effect
will always be a nonempty intersection between in-
terpretations of inconsistent types.

& Gy &)

%
L L

@ (b)

Figure 6: {qo, 1, g2 }-interpretations of H with equal
typing functions

Lemma5.1 Let H = (TYPE,C) be a type-
hierarchy and FEAT a set of features. Let (D, [])
and (D, []') be distinct first order typed feature struc-
tures over TY PE U FEAT U {entry}. If they have
the same translation then there is d € D such that ei-
ther {o | d € [6]} or {0 | d € [6]'} is inconsistent.

5.2  Well-typedness under inconsistency

First order typed feature structures are defined in
terms of the ordinary feature structures such that
properties are translated into the first order frame-
work. However, this does not always work as well
as we would like.

It turns out that in translation well-typedness be-
comes a stronger requirement than intended. The rea-
son is that the typing function may have to pick a
more general type than desired when a node belongs
to the interpretations of inconsistent types. Consider
the type-hierarchy in figure 4. Since the ds is con-
tained in the interpretations of both o4 and o5 , the
typing function will associate it with the compromise
type o1. But, there may be features specific for o4 and
o5, which are not appropriate for o. This is unfortu-
nate in the context of well-typedness, where a feature
is required to be appropriate for the type of the node
to which it belongs. Clearly, well-typedness of a first
order typed feature structure may require that reason-
able features for a node are omitted. There is a similar
problem for the values of features.

These problems are rooted in the inconsistent typ-
ing scheme we adopted initially. Compromise types
can not occur under consistent typing since then the
type of a node corresponds to a unique maximal type.
Cflemma4.1.



6 Consistently typed domains

We now consider tightening our typing scheme by de-
manding that the interpretations of inconsistent types
should be disjoint. When we place these require-
ments on our typed domains we refer to them as being
consistently typed.

Definition 6.1 Letr H = (I'YPE,C) be a type-
hierarchy and let f be a D-interpretation that de-
fines an H-typed domain. f is said to define a con-
sistently H-typed domain iff for every inconsistent
S CTYPE, (D] =0

ceX

We have seen several indications that consistent typ-
ing has advantages in our setting. First, the typing
function is simplified. It follows from lemma 4.1,
that if f is a D-interpretation defining a consistently
typed domain then 8(d) = mazc{o | d € D} for
anyd € D.

This in turn removes the problems, reported in sec-
tion 5.2, of well-typedness being a stronger condition
than intended.

The HPSG grammar formalism is governed by the
so-called modelling convention which involves the
following, as Carpenter (1992) puts it: ‘According to
this convention, the nodes of a feature structure are
taken to represent objects, and we assume that every
node is labelled with a type symbol which represents
the most specific conceptual class to which the ob-
ject is known to belong.” This convention obviously
corresponds precisely to 6 under consistent typing.

In section 5.1 we saw that the translation of first
order feature structures is not one to one. When we
restrict ourselves to consistently typed feature struc-
tures we obtain this property. That is, an ordinary
typed feature structure is the translation of at most
one first order typed feature structure.

Lemma 6.1 Let H = (TYPE,C) be a type-
hierarchy. Let (D,[]) and (D',[]') be first order
typed feature structures such that [, and [] de-
fines consistently H-typed domains and let F and F'
be their translations, respectively. If F = F' then

’

(D, 1) = (D, 1)

The translation is not only one to one, it is also
onto. The construction of a consistently typed first
order feature structure which translates to a given or-
dinary feature structure is a straightforward matter.
Hence, translation defines a one to one correspon-
dence.

Apparently, consistent typing is the solution to all
the problems reported above. We conclude that first

order typed feature structures should have consis-
tently typed domains and confine the remaining dis-
cussion accordingly.

7 Axiomatization

Having defined the first order typed feature structures
and settled for a degenerated and consistent represen-
tation of the type-hiearchy, their axiomatization is rel-
atively straightforward.

In the follwing, let H = (TY PE,C) be a type-
hierarchy, A an appropriateness specification over H
and FEAT, and let L be a first order language over
TYPEUFEAT U {entry}. Our goal is to develop
axiomatizations in the form of sets of L-formulas.

Starting with the typed domains we define ['g to
be the set

(Val(z)} U {Va(r(z) & /\ 6(2) |US =7}

oex

which constitutes a set of axioms for typed domains

Axioms for consistent typing are now obtained by
simply extending Iy with axioms that keep the inter-
pretations of inconsistent types disjoint.

. = {va~( \6(x))

oEX

| inconsistent ¥ C TY PE}

The models for I'. UT' iy are precisely those where the
interpretation of type symbols forms a consistently
H-typed domain.

We now turn to the features. The interpretation of
the relation symbols in FEAT must be restricted to
correspond to partial functions. Define I'f.,; to be
the set

{Vavy¥z((f(z,y)Af (2, 2)) —

It should be clear that the models for I'y UL UT peqy
are precisely the first order consistently typed feature
structures.

We add axioms to capture well-typedness. Define
T’y to be the set

=2)| f € FEAT}

FfeatUFﬁUFcU
{va((Fy f (=, y)) i(z)) | e = ntm( )
{(Vavy((f(z,y) A () = 7 () | A(f,7) = 7'}

I'w is indeed an axiomatization of well-typed feature
structures.

Theorem 7.1 Let (D,[]) be a structure over

TYPEUFEAT U {entry}.
(D, D) is a consistently well-typed feature struc-

ture iff (D, [1) = T'w



Finally we extend to total well-typedness. Define
I'rw to be the set

Ty U {va(a(@) — 3yf(@,y)) | A(f, o) defined}
which provides the axiomatization.

Theorem 7.2 Let (D,[]) be a structure over
TYPE UFEAT U {entry}.

(D, ) is a consistently and totally well-typed fea-
ture structure iff (D, []) = Trw

Provided with axiomatizations we can easily cash
in some results about typed feature structures. Let us
take a look at their use in natural language parsing.

8 Feature constraints, satisfac-
tion and decidability

When parsing, information about constituents is gath-
ered through accumulation of the feature structures
encountered during the process. The forming of a
phrase from subconstituents imposes constraints on
this accumulation such that the question of whether
the phrase is grammatically well formed relies on
whether the feature structures may be unified into one
in a way that respects the constraints.

First order formulas are also suitable for fea-
ture description and in Johnson (1991) the parsing
process accumulates information and requirements
about phrase-constituents using formulas instead of
feature structures. l.e these formulas place con-
straints on the construction of a single feature struc-
ture and we refer to them as feature constraints. Then,
unification corresponds roughly to a logical conjunc-
tion. A phrase is admitted as grammatically well
formed if its accumulated feature constraint is satis-
fiable by a feature structure. That is, if the feature
constraint in conjunction with the axiomatization of
feature structures is satisfiable in the sense of first or-
der logic.

From a computational point of view, it is of course
important that the question of satisfiability is decid-
able. However, this is not always the case. Unde-
cidability occurs in grammar-formalisms where func-
tional uncertainty is incorporated in the constraint-
language, in the form of regular expressions in path
description. Then, if negation is also admitted, the
language becomes too expressive, and the question
of satisfiability is thus rendered undecidable. Consult
Keller (1993) and Baader et al (1993).

In our case, the axioms for well-typed feature
structures are completely within the SB-fragment of

first order logic, for which satisfiability is known to be
decidable. Le. the satisfiability of I'yy U{(} is decid-
able for any formula ¢ in SB. Hence, the feature con-
straint language may be SB entirely and still remain
decidable. The axioms for totally well-typed feature
structures goes beyond SB so we do not get decidabil-
ity results for free. Actually, the feature constraints or
the type-hierarchy must be restricted in order to retain
decidability, but that is an other story.

9 Conclusion

Our goal has been to axiomatize Carpenter’s typed
feature structures within first order logic. The restric-
tions of the logical framework forced a confinement
to a more general variety of feature structures, aban-
doning requirements for finiteness and rootedness.

We have observed that a particular feature struc-
ture may contain too few nodes to support the entire
type hierarchy and we therefore relaxed the require-
ment that first order feature structures should contain
an isomorphic representation of it.

We have discussed whether the typing scheme
should allow the interpretations of inconsistent types
to intersect. If so, the notion of well-typedness is ap-
parently a stronger condition than Carpenter intended
it to be. This suggests that consistent typing is prefer-
able. We find another indication when we consider
the modelling convention of HPSG in light of lemma
4.1. The labeling of each node with a type symbol
which represents the most specific conceptual class to
which the node is known to belong, corresponds pre-
cisely to the typing function in a consistently typed
domain. Finally, consistent typing provides for a
one to one correspondence between first order fea-
ture structures and the ordinary ones. We conclude
that the consistent typing is the appropriate interpre-
tation scheme of type hierarchies in our context.

We have presented axioms for well-typed and to-
tally well-typed feature structures. The checking
of constraints in constraint-based parsing can be re-
duced to checking the satisfiability of these axioms in
conjunction with corresponding expressions in a fea-
ture constraint language. Since the axioms for well-
typed feature structures are within the SB-fragment
we have established that the satisfiability-check is de-
cidable. Whereas the axioms for totally well-typed
feature structures fall outside SB and we may not be
allowed the full expressive power of SB for feature
constraints.
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