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Abstract

A good selection of the internal parameters of @etje algorithm may reduce the optimization speed
considerably. We studied the effects of two keyap@ters, namely population size and relative elit-
ism, on the optimization speed and reliability. Wend that changing one parameter can be compen-
sated for changing another. By penalizing for thesliability of the genetic algorithm the optimum
combination of the parameters shifted. By usingedan@GA we found relationships between the total
population size, relative elitism, and the penplyameter.
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1 Introduction

Genetic algorithm (GA) is the most popular artdici
evolutionary algorithm used successfully in difficu
optimization and search problems. It consists of a
population of trials, a fitness function to map the
genotype trials to real numbered phenotypes, and a
set of genetic operators to create new trials. @& h
several parameters to be selected or tuned, ang man
alternative implementations for any problem. These
include the formalization of the objective function
and the genotype-phenotype mapping, selection of
genetic operators, selection method, and tuning of
parameters such as population size, elitism, nautati
rate, etc. (Alander, 1994; Alander, 2002: Darwin,
1998; Koljoneret al, 2004, Nordlinget al, 2004).

The selection of the GA parameters and problem
representation has a crucial effect on the GA per-
formance — optimization speed and reliability. In
literature, these have been intensively studiedh bot
theoretically (Alander, 1992; Alander, 2002; Gao,
2003; Reeset al, 1999a; Reest al, 1999b) and
empirically (Alander, 1992; Alander, 2002; Reats
al, 1999a), yet no final conclusions can be drawn
due to the diversity of different kinds geneticalg
rithms and problem domains.

In this paper, we continue (Alander, 1992;
Alander, 2004) to study the effect of the populatio
size and relative elitism on optimization speed and
reliability. If tuning GA parameters to the optimal
speed, e.g. in mean sense, the probability that the
GA becomes stuck without finding a solution within

the maximum number of generation may increase.
That is why we are also interested in the religbili

2 Hypotheses and approach

We used an empirical approach to study the effect o
population and elite size. The GA was run with two
test problems and several parameter combinations.
With each configuration the statistics of the GA
performance were recorded.

The optimization speed was measured by the
number of new individuals created i.e. the numifer o
fithess function calls (trials), inclusive the ialt
population. The optimization reliability was in tur
measured by the fithess of the best individual &ia
the end of the optimization (when a solution was
found or the maximum number of trials was evalu-
ated). We always minimized and the best fithess was
zero if a solution was found and larger than zero
otherwise.

2.1 Objective parameters

In our genetic algorithm the population is subdi-
vided into elite and immature population consisting
of the latest offspring. The population is sorted b
the fitness values of the individuals. The parerits
the offspring are randomly drawn from the elitegby
uniform probability distribution. Consequently, the
individuals in the immature population do not have
chance to be selected as parent; it is merely @epla
to temporarily place the offspring before sorting.



We studied the effect of the sizes of these sub-
populations. The size of the elite is denotednby
and the size of the immature populationyThe
total population size is thug + n; and relative elit-
ism is defined as/(ne + n;). By N We denote the
maximum number of individuals allowed to be cre-
ated during a GA run.

We presumed that the elite size is more impor-
tant, because it contains the alleles the offspring
inherit. Furthermore, we assumed that by having
only a small immature population — i.e. by almost
immediately either inserting the offspring into the
elite, if fit enough, or rejecting it — we couldesa
up the GA in some cases. We believed that if good
gene combinations were produced, it would be prof-
itable to allow them spreading freely. On the other

more bits are correct the more probable it is that
uniform crossover produces solutions. Hence, the
fitness function guides the GA effectively.

The other test fitness function (FF) was square-
root distance (SRD) of the phenotype to the target
phenotype, rounded down to the nearest integer. By
changing the target of the problems, the fitnesd-la
scape changes. The subscript indicates the target,
e.g. SRD,;. One can also select the number of bits
and thus change the range of the FF. The SRD fit-
ness function is:

fitness = N| phenotype—targetu . (2)

hand, we understood that it could cause premature 3 Optimization speed

convergence if its alleles occupied the population
too fast. One can interpret that the smafieithe
more local the search is.

The other principal parameters were fixed. We
useduniform crossover (Syswerda, 1989) and muta-
tion rate 0.1 genes mutated per individual.

2.2 Test problems

As a test problem, we decided to use a variation of
the popular benchmark problenome-max, where
the Hamming distance to theall ones bit string is
maximized. In our variation, the target bit striisg
randomly selected, and the fitness value is the-Ham
ming distance (HD):

n-1

Hamming(x y) =>"|x, -y;|

i=0

1)

wherex andy are bit vectorsx; andy; the i" ele-
ments of the vectors, amd the dimension of the
vectors.

This problem is GA-easy because the fithess
function directly tells how many bits are corretie

We wanted to study how the elite size and relative
elitism affect GA optimization speed. We used 16
bit Hamming distance fitness function and 10 bit
square-root FF. With the HD and the SRD the GA
was allowed to create at maximum 400 and 800
individual, inclusive the initial population, respe
tively. The GA was run 200 times with the same
population size parametens @ndn;), and the statis-
tics of the optimization speed and reliability were
recorded.

3.1 Resultsand discussion

The population size ranges were the following: For
the Hamming distance, = {8,16,24,32,40,48} and

n, = {1,2,3,...,50}, and for the square-root distance
ne = {8,16,32,64,128} andh; = {1,2,3,...,100}. The
results are shown in Figures 1, 2, and 3.

In Figure 1, it is seen how the optimization speed
depends on the population size parameters when the
test function was the Hamming distance and the
square-root FF. For the HD, the valley representing
the optimal parameter combinations is close to the

Figure 1: Average number of fithess evaluation e Hamming distance (left) and the square-roottion

(right).



Figure 2: The median value of the optintiaa
speed for SRDs rougher than the average and t

is a sharper edge on small population values itdica
ing premature convergence.

origin and narrow. Little changes in populationesiz
affect optimization speed a lot. Moreoveg,andn;
seem to be inter-correlated, i.e. decreasing one ca
be compensated by increasing the other. The SRD
problem was more difficult than the HD, over 300
fitness function calls compared to over 100 wité th
HD, although it had fewer genes than the HD (12
bits versus 16 bits). The optimal population size
valley is flatter than with the HD.

Results with these problems suggest the opposite
to the belief (Alander, 2002) that even smallemtha
optimal values were not harmful to optimization as
the slopes away the optima are relatively equally
steep in both directions. The reason for this itins

Figure 3: Standard deviation vs. population sizgs f
SRD.

other hand, the graph of the median is rough at the
transition points probably due to the statistiaap
erties of median.

An even earlier indication of the risk of prema-
ture convergence is given by standard deviation
(Figure 3). Actually, sometimes even before mean
performance achieves its minimum, standard devia-
tion begins to grow.

4 Optimization reliability

Optimization speed is only half of the story. Rarti
larly in real time GA applications, both speed and
reliability are desired. A solution has to be found
within a limited time and it has to be good enough.
Sometimes sub-optimal solutions are permitted and a

is probably the optimization speed measure (average compromise between speed and robustness is done.

of the individual created). With small populations

there are both good and bad cases. However, as the

maximum number of individuals was limited, the
poor cases do not affect the mean value signifi-
cantly. In this case order statistic measures rilee

4.1 Reliability surfaces

We measured the reliability with the best fitneka o
GA run for a limited maximum number of fitness

dian indicate the premature convergence tendency fynction calls. The best fitness was averaged over

200 GA runs. The population sizes were varied in
the same manner as mentioned in section 3.1.

better as Figure 2 demonstrates. At small popuiatio
sizes the slope of the median is very steep. On the

Figure 4: GA optimization reliabilities (mean ofktlest fitness) of the Hamming distance fiorc(left) and th
square-root distance (right) are similar in shaptehlave different scales.
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Figure 5: The effect of penalty parameter. The mimh witha = 50 (left) is lower and closer to the origin t
with a = 750 (right). The test fitness function was thenttining distance.

The optimization reliability surfaces are shown
in Figure 4. As presumed, the larger the population
the more reliable the optimization. Full reliakhilit
can almost be achieved for both test functions.

However, with speed-optimal population sizes
the reliability is not complete. Henceforth, a com-
promise may be desirable.

4.2 Cost function of speed and

reliability

To make a compromise between speed and reliabil-
ity we need some criterion. Let us define a costfu
tion ¢ that rewards for speed and penalizes for unre-
liability. A simple cost function is a linear conniai-

tion of speed and reliability with a penalty paraene
a

&(a) = fitnessevaluations+ a [bestfit.  (3)

4.3 Cost function surfaces

The cost function has only one tunable parameter,
whose selection is up to the designer of the GA Th
effect of the penalty parameter, i.e. the costtionc
surface with respect to population sizes, is demon-
strated in Figure 5.

The conclusion is that increasing the penalty pa-
rameter makes the surface steeper at small popula-
tion sizes and moves the cost function minimum to
larger populations. Because the fithess valueads st
chastic, it is hard to localize the population size
optima with respect to different penalty parameter
values. To overcome this difficulty we took the
advantage of using another GA, called meta-GA, to
find the optima.

5 Meta-GA optimization

The cost function enables to compromise between
optimization speed and reliability. If we increase
penalty parametes, we emphasize more reliability.
We showed in the previous section that changing
may move the population size optimum. Next we
minimize the cost function with a meta-GA.

51 Method

Meta-GA is a method to optimize the GA parame-
ters by another GA. In other words, the problem of
selecting parameters is now another optimization
problem, which is stochastic due to the stochastic
nature of the GA (Mansfield, 1990; Alander, 2002;
Back et al, 2002). In the literature, many variations
of meta-optimization have been proposed. Some-
times another GA can be avoided as the GA itself
optimizes its parameters (See e.g. Hartehal,
2004).

A meta-GA is similar to a regular GA, but the
individuals are GAs, too (Figure 6). The meta-GA
runs as many GAs, i.e. the actual optimization prob
lems, as its population size is. The fitness fuomcts

[ meta-GA ]

meta-GA population

GA: GA; GA;

A A 4 A 4

GA; population | | GA; population | | GA3 population

Figure 6: The principle: Meta-GA optingzg th
parameters of the actual GAs.
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Figure 8: Total population size during optintipa.
The converged levels with different valuesaoére
clearly separated and in the expected order.

defined by measuring GA performance: now we use crease in fithess was small. Hence we decideddo us

the cost functior(a), which is stochastic.

5.2 Resultswith Hamming distance

the average of the last ten meta-GA generations
when determining the optimal population sizes with
respect the penalty parameter

The optimal elite and immature population sizes

To demonstrate the stochastic nature of the meta-GA are plotted against in Figure 9. The optimal elite

fitness function (cost functiog) we have plotted the

size seems to increase linearly and the immature

meta-fitness against the meta-GA generation (Figure population size perhaps more or less logarithnycall

7) with four different values a. Then, andn; fluc-

tuated heavily during the meta-GA optimization,

with increasinga. However, these conclusions may
be too daring considering the small sample size and

because the optimum is a flatter valley. Figure 8 the internal variation.

shows that the optimal total population size has le

The optimal total population size and relative

fluctuation. During the last ten generations the de elitism vs.a are shown in Figure 10. It indicates
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Figure 9: The optimat, (left) andn; vs. penalty parameter. The relationships are duigar and logaritimic,

respectively.
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Figure 12: Meta-fitness vs. penalty factor with SR@left). Optimal population sizes with SR (right).

This result is more reliable as the total populatio
size was found to vary less during optimizatiore(se
Figure 10). Yet only qualitative conclusions should
be drawn: total population size should be increased
logarithmically and elite size almost linearly when
increasinga. The relative elitism should be in turn

decreased, which corresponds to more global search.

5.3 Resultswith square-root distance

The same procedure of meta-GA optimization was
also carried out with the other test problem, sguar
root distance. Now we used two fixed targets, the
GA easiest one (SR and the GA hardest one
(SRDy,;) of the SRD family, in order eliminate the
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Figure 13: Relative elitism vs. penalty factwith
SR, (solid) and SRE (dotted line)

variation between different targets without thechee
for impractical number of runs.

The meta-fitness depends almost linearly on the
penalty parameter with both targets (see Figures 11
and 12). We see also from the meta-fitness that the
SRD,; is more GA difficult than the SRDWe can
conclude, as for the SRPthat the total population
size must be increased quite logarithmically when
increasing penalty parametar The same holds for
the population size of the SREBPgiven in Figure 12.
Moreover, we can see that a larger population is
required for optimal GA performance for the easy
SRD, than for the difficult SRB~.

Finally, the relative elitism is plotted againseth
penalty parametea in Figure 13. Despite high vari-
ance we can conclude that the tendency is downward
asa increases i.e. to a more global search. Further-
more, it suggests higher elitism (more local s€arch
for the easier SRpthan for the more difficult
SRDy,7. However, variation is great and no statisti-
cally significant conclusion can be drawn.

6 Conclusions

The population size is a key parameter of a genetic
algorithm. We have introduced two population size
parameters: elite size and relative elitism. Wel-stu

ied their influence on the optimization speed and



reliability. The results confirmed the common bklie
that decreasing population size increases optimiza-
tion speed to a certain point, after which prengtur
convergence slows the optimization speed down.
The optimization reliability in turn usually incress
monotonically with increasing population size.

The optimization speed and reliability were com-
bined into a cost function that penalizes for unrel
ability. The optimal population parameters were
searched with a meta-GA approach with a set of
penalty parameters. We found that the optimal popu-
lation size increases and relative elitism decrease
(corresponding to more global search) with increas-
ing penalty parameter i.e. higher reliability regui
ment. However, the results should be considered
only qualitatively due to high variance. Moreover,
results from the two test functions, Hamming dis-

tance and a discrete square-root distance, indicate

that the optimization speed and reliability langsesa
vs. population size parameters have different shape
The same holds partly on the optimal population
sizes with respect to reliability requirements. @&s
conclusion, qualitative thumb-of-rules can be given
but not precise quantitative ones.
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